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1.Introduction and preliminaries 

The weakly contractive mappings on Hilbert spaces was defined byAlber and Guerre-Delabriere as 

follows: 

Definition 1.1 [2] “A mapping f : X →X is said to be a weakly contractive mapping if d(fx, fy) 

≤d(x, y) – φ(d(x, y)) for each x, y ∈ X and φ :[0,∞) →[0,∞) is a continuous and non-decreasing 

function such that φ(t) = 0 if and only if t = 0.” 

Theorem 1.2 [9] “Let (X,d)be a complete metric space and f : X→X be a weakly contractive 

mapping. Then f has a unique fixed point.” 

Mustafa and Sims defined G-metric spaces as a generalization of metric space. 

Definition 1.3 [8] “Let G: X × X × X   R+  be a function on a non-empty X satisfying  

(G-1) G(x, y, z) = 0 if x = y = z, 

(G-2) 0 <G(x, x, y) for all x, y  X with x ≠ y,  

(G-3) G (x, x, y) ≤ G (x, y, z) for all x, y, z X with z ≠ y, 

(G-4) G(x, y, z) = G(x, z, y) = G(y, z, x) = … (symmetry in all three variables), 

(G-5) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a  X, (rectangle inequality).  

The function G is called a generalized metric or more specifically, a G-metric on  Xand the pair (X, 

G) is called a G-metric space.” 

Zhang and Song defined generalized φ – weak contractive condition as: 

Definition 1.4 [10] “Two mappings T, S : X→X are called generalized φ-weak contractive if there 

exists a lower semi-continuous function φ : [0,∞) →[0,∞) with φ(t) = 0 for t = 0 and φ(t) > 0 for all 

t  > 0 such that  

d(Tx, Sy) ≤ N(x, y)  φ(N(x, y))for each x, y ∈ X ,  

where  N(x, y) = max{ d(x, y),d(x, Tx), d(y, Sy), .” 

Theorem 1.5 [10] “Let (X,d)be a complete metric space and T, S : X→ X be generalized φ-weak 
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contractive mappings, where φ : [0,∞) →[0,∞) is a lower semi-continuous function with φ(t) = 0 

for t = 0 and φ(t) > 0 for all t > 0. Then thereexists  a unique fixed point  u∈ X such that u = Tu = 

Su.” 

The concept of altering distance function was introduced by Khan et. al as follows: 

Definition 1.6[6] “The function ψ :[0,∞) →[0,∞) is called an altering distance function if the 

following conditions hold: 

(i) ψ  is continuous and non-decreasing; 

(ii) ψ (t) = 0 if and only if t = 0”. 

Definition 1.7A partial order is a binary relation ≼over a set X which is reflexive, anti-symmetric 

and transitive, i.e. which satisfies, for all p, q, r ∈ X; 

(i) p ≼ p, (reflexivity)  

(ii) If p ≼ q and q ≼ p then p = q, (anti-symmetry)  

(iii) If p ≼ q and q ≼   then p ≼r . (transitivity) 

 A set with a partial order(X,≼) is called a partially ordered set. 

Definition 1.8 A triplet (X, G, ) is called a partially ordered G-metric space if  (X,≼) is a 

partially ordered set and (X, G) is a G-metric space. 

Definition 1.9[1] “Let (X, ≼) be a partially ordered set. A mapping f is called a dominating map on 

X, if x ≼fx for all x ∈X.” 

Definition 1.10[1] “Let (X, ≼) be a partially ordered set. A mapping f is called a weak annihilator 

of g, if fgx≼ x for all x ∈X.” 

Definition 1.11[1] “A subset W of a partially ordered set X is said to be well ordered if every two 

elements of W be comparable.” 

Definition 1.12[4]“Let (X,d) be a metric space and f, g: X→X be two mappings. The pair (f, g) is 

said to be compatible if and only if 

 = 0,whenever{ } is a sequence in X such that 

 =  = tfor some t ∈X.” 

Definition 1.13 [7]“Let(X, G)be a G-metric space and f, g : X→X be two mappings. The pair (f, g) 

is said to be compatible if and only if 0, whenever { } is a sequence in 

X such that 

 =  = t, for some t ∈X.” 

Definition 1.14[5]“Let f and g be two self-mappings of a metric space(X, d). Then f and g are said 

to be weakly compatible if for all x ∈X, the equality fx=gx implies fgx = gfx.” 
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Definition 1.15[3] “Let(X, ≼) be a partially ordered set and f, g, h: X→X be mappings such that 

f(X)⊆ h(X) and g(X)⊆h(X). The ordered pair (f, g)is said to be partially weakly increasing with 

respect to h if for all x ∈X,fx≼gy, where  

y ∈ (fx).” 

2. Main Result 

Theorem 2.1 Let (X, ≼, G) be a partially ordered complete G-metric space. Let f, g, h, R, S, T : X 

→X be the six mappings such that f(X) is contained in R(X), g(X) is contained in S(X), h(X) is 

contained in T(X) and dominating maps f, g and h are weak annihilators of R, S and T respectively. 

Suppose that for every x, y, z ∈ X, 

                  ψ(G(fx, gy, hz)) ≤ ψ(M(x, y, z)) − ϕ(M(x, y, z)),                          (2.1) 

where M(x, y, z)  

and ψ, ϕ : [0, ∞) →[0, ∞) are altering distance functions. Then, f, g, h, R, S and T have a unique 

common fixed point in X provided G-metric space is symmetric and for a non-decreasing sequence 

{ } with for all n,  → u implies that 

u and one of the following: 

(i)  g or R and  f or T are continuous, (f, T) and (g, R) are compatible and (h, S)  

is weakly compatible 

or 

(ii)  h or S and  f or T are continuous, (f, T) and (h, S) are compatible and(g, R)  

is weakly compatible 

or 

(iii)  g or R and  h or S are continuous, (g, R) and (h, S) are compatible and(f, T) 

is weakly compatible. 

Proof. Let ∈ X be an arbitrary point. Since f(X) is contained in R(X), we can have ∈ X such 

that f  =R . Since g(X) is contained in S(X), we can choose ∈ X such that g  =S . Also, as 

h(X) is contained in T(X), we can choose ∈X such that h =T . Repeating the same argument, 

we can construct a sequence { } defined by 

 = R = f , = S = g and  = T = h , 

for all n ≥ 0. 

Since f, g and h are dominating and f, g and h are weak annihilators of R, S and T, we obtain 

≼f = R ≼fR ≼ ≼ g  

 = S ≼gS ≼ ≼h  

 = T ≼hT ≼ . 
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By continuing this process, we get 

≼ ≼ ≼··· ≼ ≼ ≼ ···. 

We will complete the proof in three steps. 

Step I. We will prove that = 0. 

Define  = G( ). Suppose = 0 for some . Then, =  = . 

Consequently, the sequence { } is constant, for k ≥ . Indeed, let = 3n.  

Then =  =  and we obtain from (2.1), 

ψ(G( , , )) = ψ(G(f ,g ,h )) 

≤ ψ (M( , , )) − ϕ(M( , , )),   (2.2) 

where 

M( , , ) 

=

 

 

                      = . 

Now from (2.2), 

ψ(G( )) ≤ ψ(G( )) − ϕ(G( )), 

and so, ϕ(G( )) =0,that is, . 

Similarly, if =3n+1or  = 3n+2, one can easily obtain that 

 = and  =   = . 

So the sequence{ }is constant (for k ≥ ), and  is a common fixed point of R,S, T, f, g and h. 

Let for all k ,  = G( , , ) > 0                                     (2.3) 

We prove that for each k =1, 2, 3,··· 

G( , , ) ≤ M( , , ) 

= G( , , ).                                                     (2.4) 
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Let k = 3n. Since ≼ , using (2.1) we obtain that 

   ψ(G( )) = ψ(G(f ,g ,h )) 

                                     ≤ ψ(M( , , )) − ϕ(M( , , )) (2.5) 

 

where 

M( , , ) 

 

 

 

 = max [G( ), G( ).  

Since ψ is a non-decreasing function, we get 

G( ) ≤ M( , , ).                              

If for n ≥ 0, G( ) > G( , , ) > 0, then 

M( , , ) = G( ). 

Therefore, (2.5) implies that 

   ψ(G( )) ≤ ψ(G( )) − ϕ(G( )), 

which is only possible when G( ) = 0.This is a contradiction to (2.3).   

Hence, G( ) ≤ G( , , ) and 

M( , , ) = G( , , ). 

Therefore, (2.4) is proved for k = 3n. Similarly, it can be shown that 

G( ) ≤ M( , , ) 

 = G( ) 

and 

G( , ) ≤ M( , , ) 

 = G( ).                                    
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Hence,{G( , , )}is a non-decreasing sequence of non-negative real numbers. 

Thus, there is an r ≥ 0such that 

 r.                                                          (2.6)  

Since  

G( ) ≤ M( , , ) 

                                                    ≤ G( ),                                    

as k → ∞, we get 

 r.                                                      (2.7) 

Letting n → ∞ in (2.5), using (2.6), (2.7) and the continuity of ψ  and  ϕ, we get 

                   ψ(r) ≤ ψ(r) − ϕ(r)  ≤  ψ(r) and hence ϕ(r) = 0. This gives us 

 = 0,                                                    (2.8) 

from our assumptions about ϕ. Also, from Definition 1.3 part (G-3), we have 

 = 0.                                                    (2.9) 

Step II.We will show that { }is a G-Cauchy sequence in X. 

We will show that for every ε > 0,there exists a positive integer k such that for all 

m, n ≥ k, G( , , ) < ε. Suppose the above statement is false. Then there exists 

ε > 0 for which we can find subsequences { } and{ } of { } such that  

n(k) > m(k) ≥ k and  

         (a)   m(k)=3t and n(k) =3  +1,where t and are non-negative integers. 

         (b)  G( , , ) ≥ ε.                                                    (2.10) 

(c)  n(k) is the smallest number such that the condition (b) holds, 

                i.e.G( , , ) < ε.                                                      (2.11) 

From rectangle inequality and (2.11), we have 

G( ) ≤ G( , , ) + G( ) 

< ε + G( , , ).      

As k→ ∞ and using (2.8) and (2.11), we have 

 = ε.                            (2.12) 

Again from rectangle inequality, 

G( , , ) ≤ G( , , ) + G( , , ) 

≤ G( , , ) + G( , , ) 

and 

G( ) ≤ G( ).      

As k→ ∞, using (2.8), (2.10) and (2.12), we have 
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 = ε.                                                     (2.13) 

On the other hand, 

G( , , ) ≤ G( , , )+ G( , , ) 

and 

G( , , ) ≤ G( , , ) + G( , , ). 

As k→ ∞ and using (2.9), (2.12) and(2.13), we have 

 = ε.                                            (2.14) 

In a similar way, we have 

G( , , ) ≤ G( , , ) + G( , , ) 

≤ 2G( , , )+ G( , , )    

and 

G( , , ) ≤ G( , , ) + G( , , )         therefore, 

by taking limit k→∞ and using (2.9), (2.13), we get  

  = ε.                                   (2.15) 

Also, 

G( , , ) ≤ G( , , ),                       

and 

G( , , ) ≤ G( , , )+ G( , , )  

≤ G( , , )+ G( , , . 

As k→∞ and using (2.9), (2.14), we have 

 = ε.                                 (2.16) 

Also, 

G( , , ) ≤ G( , , )   (2.17) 

and 

G( , , ) ≤ G( , , )+ G( , , ).  

                                                                               (2.18) 

So, from (2.9), (2.15), (2.16) and (2.17), we have 

 = ε.                            (2.19) 

 

Finally, 

G( ) ≤ G( )+G( ) 

 ≤ G )+ G( , ) 

and 
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G( ) ≤ G( ).    

As k→ ∞ and by using (2.8), (2.19), we have 

 = ε.                                 (2.20) 

Since ≼ ≼ , putting x = , y= , and z =  in (2.1) for all  k ≥ 

0,we have 

       ψ(G( )) = ψ(G(f ,g ,h )) 

≤ ψ(M( , , )) − ϕ(M( , , )), 

where 

 

 

Taking k→∞ and using (2.9), (2.15), (2.20) we have 

    ψ(ε) ≤ ψ(ε)−ϕ(ε).                   

Hence, ε =0, which is a contradiction. Consequently,{ }is a G-Cauchy sequence. 

Step III. We will show that f, g, h, R, S and T have a common fixed point. 

Since { }is a G-Cauchy sequence in the complete symmetric G-metric spaceX, there exists t ∈ X 

such that 

  

  

and 

  

Suppose condition (i) of our theorem holds. 

Assume that R and T are continuous and let the pairs (f, T) and (g, R) are compatible.  

This implies that 

 =0, 

and      = 0. 
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SinceR ≼fR ≼ ≼ g  

= S ≼ gS ≼ ≼ h = T , 

by using (2.1) we obtain 

ψ(G(fT ,gR ,h )) 

          ≤ ψ(M(T ,R , )) − ϕ(M(T ,R , )),    (2.21) 

where 

M(T ,R , ) 

 

Taking n→ ∞, in right hand side, 

M(T ,R , ) 

 

 = . 

On taking the limit as n→∞in (2.21), we obtain that 

ψ(G(Tt, Rt, t)) ≤ ψ(G(Tt, Rt, t)) − ϕ(G(Tt, Rt, t)),      

and hence, Tt = Rt = t. 

Since ≼ ≼h and h → t, as n→∞, 

we have ≼ ≼t . Therefore, from (2.1), 

ψ(G(ft, g , h )) ≤ ψ(M(t, , )) − ϕ(M(t, , )), (2.22)                         

 

where ,  

. 

Taking n→∞, in right hand side, 

 

 = . 

Taking n→∞ in (2.22),we get 

                           ψ (G(ft, t, t)) ≤ ψ(G(ft, t, t)) – ϕ(G(ft, t, t)),                  

hence ft = t. 
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Since ≼ h and h → t, as n→∞, we have ≼ z.  

Hence from (2.1), 

ψ(G(ft, gt, h )) ≤ ψ(M(t, t, )) − ϕ(M(t, t, )).          (2.23) 

where 

M(t, t, )  

Taking n→ ∞, in right hand side, 

M(t, t, )  

= G(t, t, gt). 

Making n→ ∞ in (2.23), we get 

ψ(G(t, gt, t)) ≤ ψ(G(t, t, gt))−ϕ(G(t, t, gt)),           

which gives gt = t. 

Since g(X) is contained in S(X), there exists a point s ∈ X such that t = gt = Sw.  

Suppose thathw≠Sw. 

Since t ≼gt = Sw≼gSw≼ w, we have t ≼ w. Hence, from (2.1),  

ψ(G(ft, gt, hw)) ≤ ψ(M(t, t, w)) − ϕ(M(t, t, w)),                   (2.24) 

where 

M(t, t, w)  

= G(t, t, hw). 

On taking the limit as n→∞in (2.24), we obtain that 

ψ(G(t, t, hw)) ≤ ψ(G(t, t, hw)) −ϕ(G(t, t, hw)),           

which gives hw = t. 

Since h and S are weakly compatible, we have ht = hSw = Shw = St.  

Thus, t is a coincidence point of h and S. Now, we show that ht = t. 

Since ≼ f and f → t, as n→∞,we have ≼ t. Hence, from (2.1), 

ψ(G(f , gt, ht)) ≤ ψ(M( , t, t)) − ϕ(M( , t, t)),                      (2.25) 

where 

        M(x3n, t, t) . 

Taking n→ ∞, in right hand side, 

       M(x3n, t, t)  

= G(t, t, ht). 
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Letting n→∞ in (2.25), we obtain that 

ψ(G(t, t, ht)) ≤ ψ(G(t, t, ht)) − ϕ(G(t, t, ht)),      

hence ht = t. Therefore, ft = gt = ht = Rt = St = Tt = t. 

Following the same arguments, the result is true when (ii) or (iii) of our Theorem holds. 

We claim that common fixed point off, g, h, R, S and T is unique. Assume on contrary that fp = gp 

= hp = Rp = Sp = Tp = p, fq = gq = hq=  Rq = Sq = Tq = q and p ≠ q.  

Using (2.1), we get 

ψ(G(fp, gq, hq)) ≤ ψ(M(p, q, q)) − ϕ(M(p, q, q )) 

where 

       M(p, q, q)  

= G (p, q, q). 

So,   

ψ(G(p, q, q)) ≤ ψ(G(p, q, q)) − ϕ(G(p, q, q)).            

Therefore, ϕ(G(p, q, q)) = 0 which implies that p = q .   
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